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By John P. mer 

A semiempirical  method  of  estimating  the  forces on airfoils  at near 
sonic  speeds  and in the presence  of  detached  shock  waves  is  presented. 
Fai r ly  good agreement with  the  trend  of  existing  experimental  data  is 
found at  Mach nuDiber8 from 0.95 to 2.3 for ShaqFnose airfoil8 at epeeds 
and  angles of attack above those at which  shock  detachment  occur8  and 
for  blunt+nose  airfoils  where  shock waves always are  detached.  Computed 
values of the  forces on twdimeneional w i n g s  are in good agreement w-ith 
wind-tunnel  data on wings of mious.plan forma and  aspect  ratfos at 
high angles of at:ack. The approximate  method is in agreement with the 
Von K b ' n  transonic  similarity rules for Mach nunibers new unity. . ' 

Since  supersonic  airplanes and missfles, in some  phases  of  flight, 
must  operate  in  regions  of  detached  shock  waves,  the problem of the 
forces that may be developed  under  such  conditions  is  becoming  increasingly 
important. In reference 1 an estimation  was  made of the  limit forces on 
airfoi1,s  associated  with  detached  shock wave8 at  supersonic  speeds. .The 
semiempirical  method  of  estimating the limit  forces was based on an 
empirical limit negative  pressure  coefficient and t h e  maximum positive 
pressure coefficient  attafnable  behind a normal shock  wave. In general, 
the  calculated  results  agreed w e l l  with experimental r e d t s  at high 
angles of attack. An extension of t h e  8emiempiricd method is presented 
in  the  present  paper  to  include all speeds and angles of  attack where 
detached shock waves are  present and colnparrisons &re made  wlth  existing 
exper imentd data . 
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The method for  estimating t h e  forces  on  airfoils at ne-  sanfc 
speeds and in  the  presence of detached  shock waves is  based on the 
maximun pressure coefficiente attabable 011 airfoils in conjunction  with 
certain  arbitrary  aasmptions. In reference I an empirical  limit  nega- 

. tive  pressure  coefficient wa8 presented,  the  equation of which was found 
to be 

3. 
9 i m  = -- 

Mo2 (1) 

The maximum positive  pressure  coefficient used is  the pressure coeffi- 
cfent  corresponding to the t o w  pressure. For subsonic flow, the 
m i m u m  positive  pressure  coefficient is 

7 

pmax (24 

~n supersonic  flow  the maximum posftive  pressure  coefficient  behind a 
normal shock wave  is 

f 

, 
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The variation of the limit negative pressure coefficient PL and the 
maximum positilve  pressure  coefficient P- with Mach  number for Mach 
numbers greater  than 1 is shown in figure 1. 

In  supersonic flow, at certain angles of attack and speeds,  the 
shock wave is curved and detached from the nose of t he   a i r fo i l  and a 
region of subsonic flow exis ts  behind the shock wave.88 is shown i n  
figure 2, The average normal force on an element  of forwardly  inclined 
surface is assumed to be  equal t o  the product of the   maxim  pos i t ive  
pressure coefficient and the  sine of the  angle between the free-stream 
direction and t h e   a i d o i l   s u r f a c e  

It is known that, when mixed flow f i e lds  we  present,  sonic  velocity is 
reached on  wedges at the  shoulder. (See references  2.and 3 . )  Therefore, 
for  shwp-nose  airfoils a t  high angles of attack, it is assumed that the 
sonic   l ines   ini t ia te  from the  leading and trailing edges of the  a i r foi l ,  
as is shown i n  figure 2(a:. For round+aose a i r f o i l s  and sharpedge 
airfoils at  low angles of attack it is  assumed that the sonic lines 
i n i t i a t e  from the  point on the airfoi l   surface where the angle between 
the  freestreasl   direction and the  tangent at the  airfoil   surface is zero. 
(See figs. 2(b) and 2(c).) The average normal force on an element of a 
rearwardly inclined  surface is then assumed t o  be given by the well-known 
Prandtl-eyer  expansion with  the static pressure a t  the  sonic l i n e  E& 
equal t o   t he  free-stream static  pressure.  It can be shown that  the 
pressure  coefficient  corresponding to   the  Prandtl-Meger relatfon may be 
given f o r  small an@;lee a3 

, 

or 

8 
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With  the previow simplifying  assumptione, the followhg approximate 
equations for the  ncrmal-force,  chord-force, and moment  coefficients m e  
obtained: 

In wing equation (4) the  flow  is expanded only until the pressures 
reach  the  empirical  limit pressure coefficient  given in equation (1)- 
A graphical  representation of the Prandtl-Meyer relatian and equation (4) 
i s  presented in  figure 3 f r a m  which the pressure coefficient P2 may be 
found if the free-etream Mach  number M ,  and the angle of expansion ~ 

are given. It m y  be seen in figure 3 that  in wing equation (4) inetead 
of the  exact Prandtl4eyer relation,  the  error is small up to  the angle 
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for  limit  pressure.  Figures 1 and 3, together  xith t h e  geometric  proper- 
ties of an airfoil, may then be used  to  approximate  the  lift and drag 
coefficients  associated  with  detached  shock waves. 

Comparison6  between t h e  test  results  of referace 4, for a 
rectangular  wing having circul-c  airfoil sectim, and t h e  calcu- 
lated?force  coefficients  obtained  using t he  a-gproximate formula, given 
previously a r e  shown in figure 4 for  Mach  numbers  of 1.55 and 2.32. 
Shown  in  figure 4, in addition  to t he  calculated  force  coefficients at 
angles  of  attack  above  the  point of shock  detachment, are the  theoretical 
angle of attack  where  the  shock  detaches from the leading  edge  of  the 
airfoil  and  the  exact  theoretical tw"en8ional lift and drag curves 
for  the  airfoil  up  to  the angle of  shock  detachment. It can be seen 
from figure 4 that,  although t h e  equatims f rom which  the  calculated 
lift  and drag coefficients  were  obtained a r e  ba8ed (M a two-dimansianal 
analysis,  the  results show fairly  good agreemt with the  trend of t he  
three-dimensional  wind-tunnel  data at angles of attack  above t h e  angle 
of shock  detachment even at aspect.ratios as low  as 1.7. It nvsg be 
noted  that  at  the angle of shock  detachment t h e  calculated  lift and 
drag coefficient8 axe close to the lift and d r a g  coefficients  obtained 
by  using  the mre exact  shock-expansian  theory  (reference 51. For 
these  particular  cases t h e  eetimated value is withih 10 percent of  the 
value  obtained us- t h e  more exact  theory. 

Reference 4 a lso includes  results from wind-tunnel  tests an w i n g  
models  of  triangular, meptback, and trapezoidal  plan forms with  aepect 
ratios f r o m  1.37 to 4.06. Presented in figure 5 are conrparieons  between 
the  test  results of reference 4 for four wing plan form wl-tsh t he  lift 
and drag coefficients  obtained f r a m  equations ( 5 )  and (6). It can be 
seen  that  the results show fairly good  agreement  with experiment at  high 
angles of attack. 

Comparieans  between  calculated  lift  and drag coefficiente  end 
experimental two-dimmaianal data of referace 6 for  detached  shock 
conditions are presented in  figure 6 for a circular-arc  airfoil  section 
at Mach  nunibers of 1.85 and 2.13. In general, the  results  show  fairly 
good  agreement with the  trend of t h e  test  data at angles of  attack  where 
the  shock  is  detached f r o m  the airfoil.  At a Mach nuniber of 2.13, 
however,  the  slope  of  the  experimental  lift c m e  does not  tend to 
decrease  at  high angles of  attack as does the slope of the calculated 
lift  curve. 

Shown  in  figure 7 are  comparisons  of t h e  moment  coefficients  at t h e  
leading  edge  calculated by the  approximate  method and the  experimental 
moment  coefficients  for  the lspercent circul-c  airfoil  sections 
Of reference 6 for  Mach  numbers of 1.85 and 2.13. The calculated re6ultB 

. 
. 

. 
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a r e  i n   f a i r  agreement with the trend of t h e  e x p e r i m t a l  data, and it may 
be seen that, for these  particulaz  cams,  the  calculated moment coeffi- 
c ients  a t  the point of shock  detachment are near those.c&lculated by the 
more exact  shock-expansim tw&meneional theory. 

Reference 7 presents  results of t e s t s  made a t  supersonic speed8 of 
several  subsonic a i r fo i l   sec t ions  where shock waves a l w q s  would be 
detached from the lea- edges. Coruparisane between the   t e s t   r e su l t s  
of reference 7 and the estimated l i f t  and drag coefficients based on 
the  previous  assumptias are shown in figure 8 f o r  t h r e e  of the  blunt- 
nose a i r f o i l s  tes ted at  a Wch nurtiber of 1.47. Cornparisoris between the 
experimental and estimated  results fo r  a fa i red  c i rcular   cyl inder  having 
a thickness  ratio of 14 percent are shown Fn figure  8(a).  Shown i n  
figures 8(b) and 8(c) are comparisane f o r  Gijttingen a i r f o i l s  
nunibera 622 and 623 which have thiclmess r a t i o s  of 8 and 12 percent, 
respectively. It can be 8 e m  that, in general., the estimated lift and 
drag coefficients agree f a i r l y  w e l l  with  the trefld of the experimental . 
lif$ and drag coefficients. 

An applicatian of the approxlmate method a t  Mach nmibers close 
t o  M = 1.0 is shown in figure 9 where compazisons a r e  made between 
the  cdculated  force  coefficients for a 12-percent c1rcul-c airfoil 
section and some unpubliehed t e s t s  of a sqmispan rectangular WFng having 
=-percent circular-c a i r fo i l   s ec t ims ' and  an aspect   ra t io  of 5.30. 
The t e s t s  were mad& i n  the Southern  California  Cooperative Wind Tunnel 
by the "bum$ method at 8 Reynolds nw&er of about 430,000. It may be 
noted in   f igure  9 that comparfsons m e  shown for Mach  nunibera less 
than M = 1.0. When the shock waxes on an a i r f o i l  approach the   t ra i l ing  
edge the air f low is essentially  supersmic and the approximate method 
should be applicable. For m a t  conmonly ueed a i r f o i l s  t h i s  Mach nunher 
at which the flow becomes essentially  supersonic is new M = 0.95- at 
low angles of attack. Shown in  figure 9 axe the approximate shock 

shock waves approach the t r a i l i n g  edge and reach  the trailing edge at  
a Mach number new M = 0.95, and as the Mach  nuniber becomes supersonic 
a bow  wave forme in front  of the   a i r fof l .  It mag be seen from figure 9 
that the  calculated lift coefficiazits are in good qreement with the 
experimental lift coefficients a t  Mach numbers where the shock waves oz1 
the airfoil  have approached the trailing edge. The calculated presswe 
drag coefficlents m e  in fair  agreement with experimantal t o t d d r a g  
coefficients, The calculated moment coefficients about the quarter- 
chord point are overestimated in  all cases  since the pressure distri- 
butions  obtained f r o m  the approximate fomrmlas dfff er  from the 
experimental preaeure dlstributions.  

* locations at low angles of attack. As the Mach  nuniber increases the 

. a  Shown in  figure 10 we compaxisons between measured pressure distri- 
butions and those calculated from the approximate  formulas for circular- 
a rc   a i r fo i l   sec t ions  a t  Mach nunibers of 1.10 and 1.85. The t e s t  results - a t  M = 1.10 are f r o m t h e  unpublished t e s t s  mentioned previously and the 
resul t?  at a Mach  number of 1.85 m e  f rom reference 6 .  In both  cases, 
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detached  shock  waves axe present. It may be seen  that  at a Mach nuniber 
of 1.10 the  approximate  method  does not predict  the  actual  pressure 
distribution.  However,  the areas of the  experimental  and t h e  approxi- 
mate  curves a r e  nearly the same. .At a Mach  number of 1.85 the  results 
m e  somewhat  better,  although  the  measured  pressures on the  lower  aurface 
near  the  leading edge a re  necesemily higher  than  those  estimated  by 
the  approximate f ormulea. 

An application of t h e  method  for  estimating  forces in the  presence 
of detached  shock  waves  is  shown  in figure 11 where the  calculated  lift, 
drag, and moment.coefficients 8 r e  shorn  for a 10-percent  diamond  airfoil 
with e 25-percen.tiChord  trail-dge  flap at a Mach  number of 2.5. ' 
Also shown are the  theoretical  twckiimensional  lift, drag, and pitching- 
moment  coefficients  below  the  angle of attack  for  shock  detachment. The 
estimated  increments in lift, drag, and moment  coefficients  at t h e  point 
of shock  detachment are  close  to t h e  incraments  calculated by the  more 
exact  two-dimensional  theory  in  this  case. It can be seen, in  figure 11, 
that  the loo flap  deflection  produces  higher drag and  moment  ooefficients 
throughout  the anglwf-ettack range.  However,  because of the large 
chord  forces,  the lift coefficient of the  flapped  airfoil  is  actually 
less than  that  for t he  unflapped  airfoil  at angles of attack  above 45O 
and, for this  particular om-e,. the msscimum lift  coefficient  is  changed 
very little by the  use of a flap. 

In applying  the  approximate  method  for estimating the  forces on 
airfoils  at near sonic speeds and in t h e  presence of detached  shock  wave^, 
it  must  be r e m e r e d  that  the  method  is semiempiricd and based on 
rough assumptions to the  actual  flow  conditions  and that some caution 
should be used. For instance, preeaure distributions  computed by the 
approximate  method may be considerably  in  error.  Therefore,  calculated 
moments a r e  questionable  and  such  factors 88 aerodyntmlc  centers  or 
centers  of  pressure  cannot be estimated  by t he  approximate  method. On 
the  other hand, calculated lift and d r a g  coefficients m e  in fairly good 
agreament with  the  trend of available  test data. In regard  to  the  calcu- 
lation of forces  on  round-nose  airfoilfl,  it  is hown that  there will 
be  considerable  error in  the  assumed  position of t h e  sonic-line and  the 
assumed  static pressure at  the sonic line. However, for the  particular 
examples given  in  the  present  paper,  it  is  believed  that  the  assumption 
of the  position  of the sonic  line is not  too much in error since  the 
position  of  maximum  thickness  occurs fairlycloee to t h e  leading edge 
of the  airfoil. For airfoils hav- the  position of maximum  thickness 
father rearward, however, the  assumption  would be more in  error.& low 
angles of attack,  for the sonic  lines  would  initiate  ahead of the 
assumed point.  At  higher Ebngles of attack t h e  results might be better. 



A closer  assumption  to the actual  conditions would be to assume t h e  sonic 
l ine  at t h e  point on the airfoil surface where  the angle $ is equal to 
the mEurimum angle through which a supersonic flow may be deflected and 
to assume a static pressure at the sonic l ine corresponding  to  equation ( 3 )  
fo r  this  case. In the  actual case, the sanlc line  probably  initiates 
somewhat ahead of the  point -on the airfoil  where the  angle # is equal 
to t h e  m a x i m  deflection  angle.  The  flow  then expand8 over the airfoil 
surface but is affected by the reflection of compression mves *om the 
sonic l ine .  (See reference 3 . )  The w e  of  the  approximate  equations 

used in the  present  paper (P1 = P-sin $1 f o r  forwardly  inclined 

conditions  since, in starttng the expanaim from t h e  poFnt on t h e  air- 
foil where $# = Oo, the negative preesures are  reduced from w h t  they 
would be by starting t he  expansion from the point  where $ is equal 
to the maximum deflection  angle. 

In regard to the use of the approximate  method at Mach nunibere 
I 

near M = 1.0, it can be sham that, f o r  th in  epmetrical airfoils at 
low angles of attack,  the l i f t  and drag coefficient6  obtained f r o m  
equations (5) and ( 6 )  can be expressed as 

and 

These  equations  are in agreement with the  transonic  simflarity laws of 
Von K&. (See references 8 and 9. ) F r o m  these lam the lfft and 
drag coefficients are expressed as 

and 
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In estimating the l i f t  and drag of a i r fo i l6  at Mach nunibere 
near M = 1.0 the approx3mate  method should  be  used only for Mach nunibere 
Bnd angles of attack where the shock waves an t h e   a i r f o i l  have approached 
the trailing edge. A t  high  subsanic Mach nmibers the air  flow over the 
rear  portion of an airfoil   often  separates and the shock wave on the 
upper surface of t he   a i r fo i l  tends t o  move forward xi th  increasing angle 
of attack.  Therefore, it might be expected that the lift and drag obtained 
by the approximate method at high angles of attack  in  the  transonic  range 
would not  be as good an estimation as the l i f t  and drag obtalned at low 
angles of attack. 

It is of interest   to  study  the  conditions under which the shock is 
detached and the approximate method may be used. Guderley has shown t h a t  
the  t ransi t ion f r o m  an attached t o  a detached shock wave is not an abrupt 
change but is a continuous  process. (See reference 3 . )  In real i ty ,  even . 
the  sharpest wedge or a i r f o i l  has a blunt nose  and the shock wave has 
a small region of detachment. However, the  problem is a re la t ive  one 
and a strong region of shock  detachment mt  be present  before the ordinary 
methods of treating  attached shock waves cease t o  be useful. A t  high 
supersonic Mach nunibere and low angles of attack where the shock is bent 
strongly back the subglonic region  of flow an the   a i r fo i l  is small and 
perhape the  attached shock methode may be used again with  success even 
for  round+ose airfoils.   In  the  present paper, however, the approxi- 
mate  method is f o r  use in estimating t h e  lift and drag of a i r f o i l s  a t  
supersonic  speeds i n  the  presence of re la t ively strong detached shock 
waves. In  general it is believed that, i n  the absence of a more exact 
theoretical.  solution,  the simple method presented w i l l  enable a first 
approximation of the l i f t  and drag of a i r f o i l s  a t  high  transonic epee& 
and a t  supersonic  speeds in the presence of  detached shock waves. 

A semiempirical method for  estimating  the  forces on airfoils at 
sonic  speeds and at supersonic  speede i n   t h e  presence of detached shock 
mves is’ presented.  Fairly good agreement with the  trend of existing 
experimental data is found at Mach numbers from 0.95 t o  2.3 for  sharp- 
edge a i r f o i l s  above the angle of attack for shock detachment,  and the 
calculated results agree f a i r l y  well with  the  trend  of  the  experimental 
data for  blunt-nose  airfoils at supersonic  speeds where shock waves 
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a . l w a p  are detached from the leading edge. Computed values of the forces 
on two-dimensional w b g s  are  in good agreement with wind-tunnel kt& on 
wings of variom plan forms and with aspect  ratios &B low a8 1.7 at  high 
angles of attack. 

For airfoils considered in t h i s  paper, the  estimated  force  coeffi- 
cients at the  angle of attack where the shock wave detaches from the nose 
of a sharpedge a i r fo i l  are ClOf3e t o  the theoret ical  twc+dimansional 
force  coefficients. 

The approximate method presented is in agreement with the 
Von K & d n  t r m o n i c   s i m i l a r i t y  rules f o r  Mach nunibers neaz unity. 

Langley Aeronautical  Laboratory 
National AdviBor;g  Comlttee for Aeronautice 

Langley Air Force Base, Va . 
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